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Abstract. Pseudo-random numbers are usually generated by linear congruential methods.
Starting with an integer y,, a sequence {y;} is constructed by y:y, = ay; + r (mod m), m, a,
r being integers. The derived fractions x; = y;/m are taken as samples from the uniform
distribution on [0, 1). In this paper it is shown that the joint probability distribution of
pairs x;, xi;, can be calculated exactly. Explicit calculations show that this distribution is
surprisingly near to the uniform distribution for most ‘reasonable’ generators. The best
approximation to the uniform distribution on the unit-square is achieved if the continued
fraction for a* and m (or a* and m/j) is long.

1. Introduction. This paper deals with pseudo-random numbers generated by
the well-known linear congruential method, originally due to D. H. Lehmer [20]:
A sequence of integers is started with a value y, and continued by

(1.1 Yia = ay; + r (mod m), 0=y, < m foralli.
The fractions
1.1) x, =y./m

are the derived pseudo-random numbers in the interval [0, 1). The ‘modulus’ m, the
‘factor’ @, and the ‘increment’ r are given integers.

The lipear congruential method has considerable advantages:

(1) For an appropriate choice of a, r, and m, the fractions x, = y,/m are uni-
formly distributed in the interval [0, 1).

(2) Subsequences of most generators pass different statistical tests, i.e. frequency
tests, run tests, poker tests.

(3) The method is fast and easy to program.

The fact (1) is well known and will be referred to in Section 2. The facts (2) and (3)
will not be considered in this paper.

Relatively recently, some mathematicians have considered number-theoretic
properties of the generator (1.1). Important for the randomness of the sequence x;,
is the serial correlation p, between x; and x,,,, taken over the whole period. In a
‘good’ random sequence, p, should be extremely small for small s. Coveyou [2] and
Greenberger [11] derived bounds for p,; Jansson [16], [17] showed that p, can be
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calculated exactly for some important generators. That fact was rediscovered by the
author (see Dieter [7]) without knowing Jansson’s results. For an extremely fast
method of computation of the serial correlation, see the paper Dieter/Ahrens [8];
that paper covers all subcases of the generator (1.1). Computations showed that
the serial correlation p, is extremely small for most generators. Although this con-
dition is necessary for the use of a generator (F.1), it is in no way sufficient. Even if
a is equal to 1, the increment 7 can be determined in such a way that p, &~ 0, which
shows that the serial correlation by itself is by no means a sufficient indicator of
randomness.

In most applications of pseudo-random numbers, one -assumes that x; and x;.,
are independent. Hence, it would be interesting to know the exact value of

1.2) AP = P(x £ x; < x+ Ax, y S xin < y + Ay) — AxAy.

The main purpose of this paper is to show that (1.2) can be calculated exactly for
any choice of x, Ax, y, Ay, and to give numerical results for some often used
generators.

The main tool of this calculation is the theory of the so-called generalized
Dedekind sums, which are defined as follows:

oo e £ (0 D)o ),

where a, ¢, g, h, f are integers and
—[x1—3% ifx # 0(mod 1),
if x = 0 (mod 1)

differs only for integers x from the first Bernoulli-polynomial P,(x) = x — [x] — }.
The explicit expressions for (1.2) are alternating sums of generalized Dedekind sums.
In particular, for the important generators y;,; = ay; (mod 2°), a = 5 (mod 8),
the exact value of (1.2) is an alternating sum of four generalized Dedekind sums.

The generalized Dedekind sums (1.3) may be calculated using the reciprocity
formula derived in Dieter [6]. This reciprocity suggests a Euclidean algorithm for
a and c:

(1.4) () = {"
0

(1.5) a = q¢ — a, ¢ = qa, — a, a1 = @28, = G, "0, Guoy = Galy

where |¢| > |a| > |ag| > -+ > |a,-i| > |a.| = 1 and the a; are minimal at each
step. The quotients g; lead to a bound for the generalized Dedekind sum

(1.6) D(a,c) = — (Z lgs] + 3n + 5) 2 IsiMa, o),

which is independent of the subscripts g, h. Thus, D(a, ¢) yields a bound for the
quantity (1.2). For example, if the generator is defined by y;,, = ay, (mod 2°),
a = 5 (mod 8), then

a.mn [AN| = 2°7* |AP| £ 3 D(a, 2'7%).

AN is the deviation of the number N of pairs x;, x,,, in a given rectangle
[x, x + Ax) X [y, y + Ay) from their expected value 2°"*AxAy. Hence, (1.7) is small
if D(a, 2°7*%) is small. This means:
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The factor a has to be chosen in such a way that the Euclidean algorithm for a and
2°™* has small quotients q;.

Similar statements are true for general m ¢ 2° and for generators with r # 0.

Extensive numerical computations of AN have been carried out with the help
of J. Ahrens, Halifax, Canada and A. Grube, Karlsruhe, Germany. These calculations
showed a surprising result: if the unit-square is divided into 2* X 2% subsquares,
then AN is extremely small for most factors a. For example, if the generator is defined
by y..; = 5'%; (mod 2*°) and the unit-square is divided into 2'® X 2'° equal sub-
squares, AN is equal to one of the values 0, 4= 1, &+ 2, +3, -4, &5, 46, =7, and
—8. This means: each of the 2'° X 2'° subsquares should contain 2**72° = 8,192
pairs x;, x;,,. The actual numbers lie between 8,184 and 8,200. The bound (1. 7) is
39.75 < 40.

These theoretical and numerical considerations show:

The factor a can be chosen in such a way that x; and its successor x,,, are nearly
independent.

This property is particularly important for the generation of transformed random
variables. A typical example is the construction of a standard normal variable z
from two uniformly distributed independent random variables x and y according
to the formula z = (—2Inx)'? cos =y. The convenient method of taking two suc-
cessive pseudo-random numbers for x and y is legal only if successors and predecessors
are statistically independent. Another example is numerical integration by Monte-
Carlo methods. Here, it is always assumed that pairs of successive pseudo-random
numbers are statistically independent.

The generator y,,, = 5'°y; (mod 2°°) has the property that all quotients g; of
the Euclidean algorithm for 5'® and 2*° are small. However, some often used
generators have quotients g, which are quite large. These generators do not produce
pseudo-random numbers which are as uniformly distributed in the unit square.
For these generators it will be shown that to each large g, there corresponds a set
of sloping strips of subsquares of the unit square with equal values of AN. Although
the values of AN are small for most ‘reasonable’ choices of the factor a, such pseudo-
random number generators cannot be recommended: The set of sloping strips of
subsquares with equal AN 0 causes a systematic deviation from the uniform
distribution of pairs x;, x,,, in the unit square.

The results of this paper also show that the mixed congruential generator (r # 0)
has no advantage over the purely multiplicative congruential generator (r = 0).
Any adjustment of r cannot improve the statistical independence of pairs of pseudo-
random numbers.

The paper is self-contained except for some number-theoretical results in Section
2 (length of period) and Section 4 (reciprocity formula). The formulas for the exact
distribution of pairs are derived in Section 3. They are discussed in Section 5.
Section 6 contains numerical results. A comparison of different generators closes
the paper.

2. Length of Period and Generated Residues. The lincar congruential method
(1.1) generates nonnegative integers y, which are smaller than the modulus m. If
Ya = y, (mod m), the whole sequence {y;} is repeated. The smallest integer n such
that y, = y, (mod m) is called the length of the period. For a good approximation
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to the continuous uniform distribution, the period should have maximum length
for a given modulus m. Fortunately, the maximum periods of the linear congruential
generators depend on relatively simple properties of a, r, and m. As the results are
different in the two cases r # 0 (mod m) and r = 0 (mod m), they will be quoted
separately.

Case a. r % 0 (mod my—Mixed Congruential Method. The result is stated as

THEOREM 2.1. A complete period of the sequence (1.1) contains all residues mod m,
if and only if

(i) r and m are relatively prime;

(ii) @ = 1 (mod p) for all prime factors p of m;

(iii) a = 1 (mod 4) if 4 is a factor of m.

A proof of this theorem can be found in Hull/Dobell [14], Jansson [17], Knuth
[19]. In the proof, the relationship

ady, + @' +a"*+ -+ + a+ 1)r(mod m),

Q.1 Viea =34"y: + ‘; — ll r(mod m) ifa # 1 (mod m),
a'y, + sr (mod m) ifa =1 (mod m)

is prominent. (2.1) is a direct consequence of the defining recursion (1.1) and will be
used later on. In the rest of this paper, it is assumed that the conditions of Theorem
2.1 are always fulfilled.

Case b. r = 0 (mod m)—Multiplicative Congruential Method. If the increment
r is zero, the relation (2.1) can be simplified as

2.2) Yive = a'y; (mod m).

For the statement of the final result which corresponds to Theorem 2.1, an arithmetic
function A(m) has to be introduced.
DEFINITION 2.2,

J(p — Dp*™" ifp #~ 2, p prime,

(2.3) Ap®) = 2° ° ifp=2e23,

12"' ifp=2e=1or2,
and
2.4 Aom) = Npi' -+ pi") = LCM(p}'), +++ , Np;)).

(LCM = Least common multiple.)
Secondly, the concept of a primitive element mod m is needed.
DEFINITION 2.3. a is called a primitive element mod m if
(i) a is a primitive root mod p for all odd prime factors p of m;
(ii) a”™' # 1 (mod p®) if p* # 4 is a factor of m;
(iii) a = « 5 (mod 8) if 8 is a factor of m;
(iv) a = —1 (mod 4) if m is even and m # 0 (mod 8).
With these definitions, the final result for the Case b can be stated as follows.
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THEOREM 2.4. The sequence (1.1) with r = 0 (mod m) has maximal period of
length N(m) provided that

(i) yo and m are relatively prime;

(ii) a is a primitive element mod m.

In the proof of Theorem 2.4, the recursion (2.2) is prominent. From now on,
it will be assumed that these conditions for y, and a are fulfilled.

The Generated Residues. The mixed congruential method (r # 0) generates all
residues mod m if the directions of Theorem 2.1 are taken. Therefore, the interval
[0, 1) is covered by the x; in (1.1/) such that all fractions u/m occur. This is obviously
the best approximation to the continuous uniform distribution within the accuracy
1/m.

In the case of the multiplicative congruential method (» = 0), the generated
residues mod m are not always spread as evenly. Therefore, Theorem 2.4 has to be
supplemented by a detailed study of the residues which are obtained within a full
period.

For this and for later purposes, an integer f is defined which depends solely on
the modulus m:

DEFINITION 2.5,

2.5) f is the smallest of the divisors n of m for which N(n)/n = Nm)/m.
If m/f is denoted by ¢ one has
(2.6) m = cf and A\(m) = c\(f).

If m = 2°and e 2 3 then f = 8. It is easy to see that each prime factor p of m divides
f. Since the directions in Theorem 2.4 for the choice of the factor a and the starting
value y, are conditions mod p for odd p|m and mod 8 if 8|m, they are, in fact, con-
ditions mod f. Hence, the generated residue classes mod m may be classified in terms
of a set of residue classes 7y, ry, * -+ , rry, mod f. From here, the generated pseudo-
random numbers may be represented as

g,' x—i— whereuy = 0,1, -+ ,¢c — 1.
For applications of (2.7) to any given m, a, and y,, one starts with the determination
of f. Then the generated residues r, (mod f) are calculated. Obviously, they depend
only on the choice of the factor a and the starting value y,. Only half of the number
of possible choices for y, have to be considered: if y, is changed into — y,, the pseudo-
random numbers x; = y;/m are merely transformed into —x, = —y,/m =
1 — (y./m) (mod 1). Therefore, only those y,, for which 0 < y, < /2, will be con-
sidered in the following special cases.

Case A. m = 2°, These moduli are important since they are convenient on
binary computers. One can, of course, assume that ¢ = 3. Depending on the choice
of the factor a, two subcases arise:

Al. a = 5(mod 8), y, = 1 (mod 4). All residues

2.8) 4u + 1 (w=20,1,--+,2°" — 1)

are generated. The derived pseudo-random numbers x, = v,/2° are as uniformly

@.7) Eypn By

t
¢ cf’c ’c+

N
[4
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distributed as possible within the accuracy 1/2°2, Since a classification mod 4 is
possible, f = 8 may be changed into f = 4 and therefore \(f) = 1, deviating from
Definition 2.5.

A2. a= 3 (mod 8), y, = 1 or 3 (mod 8). All residues

(2.9) 8u+1,8:+ 3 (p=0,1’-...2"3__1)

are generated. f = 8 and \(f) = 2 remain in accordance with (2.5). The distribution
is not quite as uniform as the last one.

Case B. m = p°, p 2. This case covers the odd prime numbers and their
powers. p* = 2* + 1 and p* = 10* & 1 are of practical interest. One has f = p,
Mf) =p— land ¢ = m/p = p*~". The residues

(2°10) p[l+l’ (.“=0,1»"';P._l_lrl‘=l»2»°":P—1)

are generated provided that the directions in Theorem 2. 4 are taken. If m is a prime
number p, all residues except 0 are generated. For e > 1, additional gaps occur at
all points up.

3. Joint Probability Distribution of Pairs. In this section, pseudo-random num-
bers will be related to their successors: the joint probability distribution of the pairs
X;, X;+1 Will be determined. The main tool is the theory of the generalized Dedekind
sums from which an accurate expression for

3.1 AP = P(x S x; < x + Ax,y = x;., <y + Ay) — AxAy

will be calculated. The results can be generalized easily to arbitrary pairs x;, X;..,
since the probabilities

Plx = x; <x+ Ax,y £ xi2a <y + Ay) — AxAy

for s > 1 may be obtained from the formulas below if the factor a is changed to a’,
and rto r(a' — 1)/(a — 1)if a 5% 1 (mod m) and rs if a = 1 (mod m). This is readily
seen from formula (2.1).

In an ideal random sequence, all AP should be very small signifying statistical
independence of predecessors and successors.

The discussion of (3.1) is started with a few elementary remarks. If x; and x are
numbers between 0 and 1 (excluding 1), the following formula holds:

—1 if0 £ x; < x,
[x; — x] =

0 ifx < x;, <1.

(3.2)

Therefore,

(3.3) [x‘—x]—[x.-—x—Ax]={l ifx < x; < x4+ Ax,
0 otherwise.
The left-hand side of (3.3) can be written in terms of the first Bernoulli polynomial
(3.4) Pi(x) =x — [x] — }
as

(3.5) [xi —x] —[x, — x — Ax] = Py(x; — x — Ax) — P,(x; — x) + Ax.
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Now let n be the period length of the pseudo-random numbers x; (ie. n = m or
n = \m)). Then the following formula for AP is a consequence of (3.5):

AP=’l‘nZ[P1(xi‘—x—Ax)—P‘(x‘—x)+Ax]

il

Pi(xivi — ¥y — Ay) — Pi(xisy — ») + Ay] — AxAy

(3.6)
= i > [Pixi — x — Ax) — Py(x; — x)]
sl
‘[Pl(xul —y — Ay) — Pi(x;s — }’)] + R, + R,,

where

Ry =23 [P — x = A9 — PGz, — 0]
6.7 = Ay [P(x £ x; < x + Ax) — Ax],

R, = A”{ E [Pl(xi+l —y — Ay) — Pi(x,sy — .V)]

Ax [P(y S x00 < ¥ + Ay) — Ay].

According to the results of Section 2, the quantities P(x £ x; < x 4+ Ax) — Ax
must be small; otherwise the pseudo-random numbers are not uniformly distributed.
For an exact calculation of (3.7), a lemma is needed. (For the definition of ((x)),
see (1.4).)

Lemma 3.1,

(i) Z;) p.(“—‘i——’f) = Py (i) }:; ((‘—‘—’J;—")) = ((x)).

Proof. Since the function P,(x) is periodic with period 1, one can assume
0 < x < L. Therefore,

o) B ere-)

woh) m

m — 1 m 1
=" +A'-2——.¥—2—-P1(,x),

proving part (i) of the lemma. If x # 0 (mod 1), part (i) and (ii) of the lemma coincide:

If x = 0 (mod 1), one has
w)) -5 (st
((m)) h ; (m 2)

z(()-%

m— 1 m — 1
=T, T T, T 0 = ((x)),

which proves the lemma.
From now on the two cases r # 0 (mod m) and r = 0 (mod m) have to be
considered separately.
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Case a. r # 0 (mod m). In this case, x; = u/m and x;., = ((ap + r)/m) (mod 1),
where u runs from 0 to m — 1. Furthermore, the following notation will be used

(3.8) x=—13, x-I—Ax=£, and y=il—, y+Ay=ﬁ-
m m m m
With the help of Lemma 3.1, the residual terms R, and R, in (3.7) are calculated
first:
_u{ (g_%_ (ﬂ._ﬁ)}
Ry = m’ ,;, Py m m P m m
J, — J
= "37'1‘7—‘1‘ [Pl(—]2) - Pl(—]l)]’
R, = b Z{ (au+r_1g)_Pl(a_u_+_c_£>}
p=0 m m m

’—_—’ [P(— 1) — Pi(— J)).

Without loss of generality, it can be assumed that I, I, J,, and J, are integers. Then
R, and R, vanish.
Now, the main part of AP, the expression (3.6), is calculated. One has

R R )

B=0

which becomes by the substitution u — u + L, and p — p + I,

b Bl ot el
m m m m m m m

(3.9 T
_ ® au | al, — J2+r> (ﬁ) (a_u al, — Jl-I—r)}.
P1<m)P1<m +—_—m + P, . P, m +——m

Here the sums are almost generalized Dedekind sums, since the function ((x)) differs
from P,(x) only for integer values. As this concerns only the values p = 0and
w= —1I + a'J, — a’'r (mod m), where the subscripts A and » stand for 1 or 2,
(3.9) becomes

S () (e “—’f’—‘—mﬁ—'»
- (NG + ==)
- (e + =2t
)R SR

(3.10)

where
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‘)"'J2+r) alg_J1+r)
m m

+ p

+P(a11 J,+r>_P(all—Jl+r)

m

_ [(112"' Ja+’] _ [ala_ Jl+’:|
- m m
_Phnf+j+ﬁn1f+q,
(3.11)
—P,(a_l('lz —-r) — 12) + Pl(a'l(Jz —-r) — Il)
m m

+ Pl(a"'(Jl —’~nr) - 12) _ Pl(a'l(J, —r) — I,)

m

~P%h—ﬂ—h]_kﬂh—n—n]
- m m
_Pﬂa—n»b]+Pﬂa—n—n]
m m

Both expressions are of the form [a 4+ b] + [c¢ 4 d] — [a + ¢] — [b + d], which is
either —1, 0, or +1. Consequently, R, and R, can only attain one of the values
—1/2m, 0, +1/2m. This means that R; 4 R, is bounded by 1/m.

Consequently, the final expression for AP becomes

2mR3 = _‘Pl(

2mR,

I

1 & ‘o (m 1
(3.12) AP = — > (—=D"'*s"n-s, (@, m) + R where |[R| £ —-
m 52 m

Case b, r = 0 (mod m)—General Considerations. In this case, the pseudo-rdndom
numbers x; and their successors x,,; have the form (2.7).

= G 4 4
/ x'”=c_‘¢[( od 1)

wherg u = 0,1, -+, ¢ — 1, and the r, are residues mod f. Again, the notation (3.8)
will be used. Then the residual terms R, and R, in (3.7) become by means of Lemma

3.1
R,=~;7mr;§{ ( ‘f_—z;;)—P.(ff+:;~'i—}>}

= Lt T {e(52) - (=51}

and sirﬁilarly

_ k=1 ({'_y; _Lz)_ (fl_:..ll)}.
(3.14) Ry = iy 2 {Pn i P\

If f is small, it can be assumed that I, = I, and J, = J, (mod f). Then (3.13) and
(3.14) vanish. If I, £ I, or J, # J, (mod f), (3.13) and (3.14) have to be calculated

x‘=-

(3.13)
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exactly. A bound for R, + R, is given by

1{1, — 1 J,-J,) 2
(3.15) |R,+R2|§c( gt ) =

Now the main part (3.6) of AP will be calculated.
_ -1 _ (ﬁ ry — I 1)}
ar cx(f);g{ ( cf ) P+

(3.16)
i ap | ar, — Jp\ _ (ﬂ‘_ QL_:_J.I_)} '
{Pl(c + Cj ) Pl c + ('f + R ’

where R’ = R, + R,. If

.17 L #r, I, #r, L #r,, J; #r,(mod f) forallr,

the function P,(-) can always be changed into ((-)) and AP becomes again an
alternating sum of generalized Dedekind sums. If one of the conditions (3.17) is
not fulfilled, the change of P,(-) to ((:)) produces the following terms

R = 2c;\(f){5<r' 7 lz)(”:(“b m ") - pl(elg _5_!_))

) (2 i) I L |
o= 2c>]«<f){"(ar' T Jz)(P»(“"’;j“ "> - p,(el%f _1))
b (S ) (e = L

m):‘[l if x = 0 (mod 1),
0 ifx # 0 (mod 1).

|

where

A reasoning similar to that after (3.11) shows that R; and R, are bounded by 1/2¢\(f).
This gives the final answer

(3.18) AP = w) Z g_;( DM sl en-a@, ) + R+ R,

where R is bounded by 1/eX(f). If I, = I, and J, = J, (mod f), R’ is 0; otherwise,
R’ = R, + R,, where R, + R, is bounded by (3.15) and has to be calculated
according to (3.13) and (3.14).

The results (3.12) and (3.18) show that AP is essentially an alternating sum of
gencralized Dedekind sums with the same principal arguments a, m or a, c.

Case ¢. r = 0 (mod m) —Special Cases. For later discussion, the results of the
previous subsection will now be applied to some special m. The moduli m = 2° are
most important as they are convenient on binary computers.

A.l.‘ m= 2% ¢ 2 3, a=5(mod8), y, = 1 (mod 4). All residues of the form
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4u+ 1(u=0,1,---,2°7% — 1) are generated. Therefore, ¢ = 2°7*, f = 4,r, = 1
and formally, \(f) = 1. Without loss of generality, it can be assumed that I, = I,
and J; = J, (mod 4). (3.18) now becomes

1 < v (20 o 1
(B.19) AP = > (=D iy ens @, 27 + R, R[S

e—2"°
Au=1 2

Ifi=L%#1andJ, = J, # 1 (mod 4), the residual term Ris0. If [, = I, = J, =
J, = 1 (mod 4), (3.19) can be simplified a little

2
(19) 8P = 5= 3 (=10 27 + R where [R| £ g
This expression is of the same form as (3.12) with m = 2¢7% It will be discussed
further in Section 7.

A2 . m=2¢e=3,a= 3(mod38), y, = 1or3(mod 8). All residues of the form
8u+1,8:+3(u=0,1,---,2°% — 1) are generated. Therefore, c = 2°7%, f = 8,
Nf) = 2and r, = 1 or 3. Again, it can be assumed that I, = I, and J, = J, (mod 8).
(3.18) now becomes

1 2 ) e o ge o
AP = o= > (=1 {séi’m-m,m_“(a,z )+ s ot .an-v,(@, 2 3)}+R
(3.20) o=t

1

70—2.

where |[R| =

B.l. m = p° # 2°, p prime. All residues of the form yp + » (0 = 0, 1, ---,
p'—1,v=1,---,p— 1) are generated. Therefore,c = p°',f = pand r, = ».
The residual terms R, (3.13) and R, (3.14) are calculated first by means of Lemmab.l :

Jy — J, = <V - ]:'> (V - 11)}
Rl = o1, 4N Pl — P
P — 1) Z{ p \op
{2 5 ) - (1) ()
e P{—/=) — |/ ) = P —2) + P
PN — l){; p p p + p
. — 1, 1,
= _.?{;1—']]— {Pl(_]?) - Pl(_Il) - P1<_—;) + Pl(__>} >
p (p—1 p p
and hence, if I, and I, are integers,

321)  R| = L {a(” - ") - n(” - ’)} <L b L
p(p—1 p P

For R, a similar value is obtained.
To simplify the expression (3.18) for AP, a lemma is needed.

Lemma 3.2.
n—1
> sitna, ¢) = suia, no).
v=0
Proof. If u runs through the residue classes 0, 1, --- , ¢ — 1, and » runs through
the residue classes 0, 1, --- , n — 1, then un 4 » runs through all residue classes

0,1, ---, nc — 1. Consequently:
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25 (e 1o i)
>

_5 ((;m +tv e ))( a(un +) | ag + ch))
y=0 u=o0 nfc nc nfe

(nf)
= Supa(a, ne)

n—1
(nf)
Z sy';+v,h(a» C)

y=0

M_ ol\’J'

which proves the lemma.
An application of the lemma yields for (3.18),
z; sz(af.‘)‘(v—l).al—J(a, P‘_l) = Z Sp- x(v n.er-s(a, P‘—l) - S(—l;‘-)—xz,aI-J(a, P‘—l)
v= y=0
(3-22) = s(—pps’)l aI—J(a’ PG) - s(—ppe')“l.al—.f(a> pl—l)

(p°) (»°) -1
= sopal J(a’ p‘) - s—pD"‘I.uI—J(a’ p‘ )'

(3.21) and (3.22) give the final answer

2

1 A+
AP = ———— -
% =Dy, D

(3.23) -{sé’,’;}x-“(a, %) — s%0-inan-s.(a, p“l)} + R

1 2 4
=+t = <=
To-D1r <5

B.2. m = p, p prime. Then, f = p, ¢ = 1 and 5% ,;_,(a, 1) = 5% _,0, 1) =
/p))(J/p)), according to Corollaries 1 and 2 of Section 4. Therefore, (3.23) can
be simplified to

where |R| =

2
(3.24) AP = 5 i > (=1 s(a, p) + R where |R| < 4

l Aop=1 D — 1

The significance of the present expressions will be discussed in Sections 5, 6, and 7.
At the moment the results are merely summarized as

THEOREM 3.3. The joint probability distribution of pairs of pseudo-random numbers
is expressed in the following formulae: for r # 0 (mod m) in (3.12), for r = 0 (mod m)
and arbitrary m the expression is found in (3.18). In particular, for m = 2° and
a = 5(mod 8) in (3.19), for m = 2° and a = 3 (mod 8) in (3.20), and for m = p°* #= 2°
in (3.23) and (3.24).

4. The Computation of Generalized Dedekind Sums. In the preceding sec-
tion, it was shown that the determination of the exact number of pairs of pseudo-
random numbers in a given rectangle can be reduced to the evaluation of generalized
Dedekind sums.

The methods of computation which are presented here utilize a number of
theorems on these sums which were proved in 1957 (cf. Dieter [6]). The correspond-
ing theorems for ordinary Dedekind sums s(a, ¢) have been known since Dedekind’s
Supplement to the Complete Works of Bernhard Riemann. They are the special
cases g = h = 0 (mod ) in all the subsequent identities.

Reciprocity Formula. Let (a, ¢) = 1. Then
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1 y + ch h
sgn csy'Ma, ¢) + sgn asy’)c, a) = i Pg(ﬁ‘;) + 5m Pa(&“}‘t-c—) + Ec; Pa("j)

+ X)) 1 % 0.0 ot

—%sgn(ac) if g = h = 0 (modf).
Here

Pyx) = (x — [x]) — (x — [xD + }

is the second Bernoulli-polynomial.
CoROLLARY 1. 5¢/)(a + nc, ¢) = si),.\(a, ¢), n integral.

CoroLLARY 2. 5,73(0, 1) = ((8/NX(A/f)).

COROLLARY 3. s{}(—a, ¢) = —sY) (a, ¢) = —5i \(a, ).

The corollaries are simple consequences of the definition of the generalized
Dedekind sums. The Reciprocity Formula is a deeper arithmetic law; for a proof
see Dieter [6], Meyer [26], Rademacher [28], or a forthcoming paper of the author [10].

The stated identities are utilized for a computational procedure in the following
way. Let s = s{)(a, ¢) be the generalized Dedekind sum to be evaluated. If |a| Z |c],
change s into a sum for which |a] < |¢| by means of Corollary 1. Now, use the
Reciprocity Formula for exchanging the numbers in the positions a, ¢ and g, h. The
new |a| is no smaller than the new |c| and can therefore be reduced by an application
of Corollary 1.

Repeated steps of this kind will decrease the numbers in the positions @ and ¢
until, finally, Corollary 2 becomes applicable. Often the process can be shortened
by applicatians of Corollary 3. The procedure suggests an Euclidean algorithm
for a and ¢

a'= q — a,
C = qa, — a4
4.1)
A2 = (u_1Qny — Q,
.-, = qq.a, wherea, = %1.

The |a,| must form a decreasing sequence if the process is to terminate. Since the
signs of the ¢, and a, may be chosen freely, one can in fact ensure that

4.2) la, 1] £ 4 |a.].
This assumption causes all ¢, and a, to be uniquely determined. In Corollaries 1
and 3, the subscripts g and /h are also transformed. This suggests the definitions:
4.3) (g0, 1) = (qugv-r + hyery —8021)s (8-1s hy) = (g, h).

For the final expression, another integer, called d, is needed. d is the last number

in a chain of numbers b, which is defined as follows:

(g =@ b=00 b= b= —a,

by = qu.byy — b, forh=un—1,n—2-,0, -1.
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Now
4.5) by =4d

is used for the final expression of the Dedekind sums.

THEOREM 4.1. Let the quotients q, be defined by the Euclidean algorithm (4.1), (4.2),
the subscripts g,, h, by (4.3) and the integer d by (4.4), (4.5). If (g, h) # 0 (mod f)
one has

Doy = 4 (a_g.tc_h)
soa(a, ¢) = 2 P2 y

vl -1 eny)- 2 ENG)

If g = h = 0 (mod f), the ordinary Dedekind sums are obtained and the expression
(4.6) changes to

(4.6)

) _ _atd _ 1 : 1 3
4.7 so.0(a, €) = sla, c) =~ T Z_; 0+ ; sgn(a,-.a,)

where sgn (x) = x/|x| if x % 0 and O otherwise.

Theorem 4.1 will be proved by induction. A different proof may be found in
Rademacher [27] for the ordinary Dedekind sums and in Dieter [6] for the generalized
Dedekind sums.

Proof of Theorem 4.1. The following identity will be considered first:

sen (C)s‘(,',:(a, c) = sgn (aM)St(l:‘)-—n.hm—-.(am—l' am) - —zé_ag_ Pz(ag ;I- “h)
anp(gaa) 4, (f!s_tf!z) La, (s)
(4.8) 2“” [_'( I > + 2‘. I; , ]-— 5% l._' ’

=BG — S o) o) + o)}

f1ifx = 0(mod 1),
10 if x % 0 (mod 1),

enables one to obtain (4.6) and (4.7) simultaneously from the special case m = n in
(4.8). The next two consequences of (4.1), (4.3), (4.6) and Corollary 2 show this:

The function

“4.9) i(x) =

(97} o)
Sgn (aﬂ)sﬂn-l,'lu—|(an’|7 an) = Sgn (au)su..«.,hu --.(‘luan) an)

o)
= Sgn (“u)sun—..«'-ﬂu—-n tho- .(0, an)

o= ()

I

and
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(4.8) will now be proved by induction. The case m = 0 is easily verified. The
induction step from m to m + 1 uses Corollaries 1 and 3 and the reciprocity formula
as follows:

SEN (@n)SeT)_ b (@me1s @) = 38N (@n)Son_, hm-(Amm — Gmsrs Gm)

(§2] (9]
SEN (@n)SS amomerihmes(—mits Gm) = —SEN (@nIShe). 1u(@msis Gm)

oo+ b 2)2) - (5

R A S (aﬂmur_h@) _ Omn (&)
2a, . P"( f) 20,a0m P, f 2a,, P, f

The last term is transformed using (4.1) and (4.3):

_un ﬁﬂ)=_gﬁ (ng) A (z,_l_n)
.11 o P,(I e a7+ el

After a substitution of (4.10) and (4.11) into (4.8), it merely remains to show that

_bu P,(es, iﬂz) . Pz(fiﬁ@ﬁun.@) = _ban Pz(ﬁiﬁé).

2a,, f 28,00 .1 f 2a,4 f

This identity follows from the relations

(412) ambmrl - amnbm =1,
4.13) Anlm + A 1hy = ag + ch.

Formula (4.12) will be proved by descending induction. It holds for m = n since
a® = 1. The induction step from m + 1 to m is carried out by means of an identity
which follows from (4.1) and (4.4). Namely,

ambm Vi Ay lbm = (qm~ 1@m + aln|'.')bvu 1T Ay I(qm ' Ibm [ B bm+2)
= amilbva - amf‘zbmrl‘
Formula (4.13) will be proved by ascending induction. It holds for m = -1,
since a_,g., + a.h_, = ag + ch. The induction step from m — 1 to m is carried out

by means of an identity which follows from (4.1) and (4.3).
a,8m + a,, Ihm = am((lmgm 1 + hm"l) + (qmam - am—l)(—gln'l)
= @8 b A
This completes the proof of formula (4.8) and therefore of (4.6) and (4.7).
5. Numerical Considerations. Further information on the joint distribution
of pairs (x,, x;.,) can be extracted from Section 4 in which the precise calculation of
generalized Dedekind sums was outlined. This will throw some light on cases in

which the Euclidean algorithm for a and m or ¢ and m/f has some large quotients.
The discussion will be based on generators

.1 Y. = ay, (mod 2°), where ¢ = 5 (mod 8),
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since they are most important on binary computers. The unit-square is divided
into 2% X 2* subsquares of equal area 27*%, Hence, the following quantity has to
be calculated

ANG., 1) = 2._21,(__2{ <x < MEL B o &.i:l) .
which becomes, by use of (3, 19),
ANQ\, p) = 53272 oou@, 2°7°) — 5520 s -ua, 2°7°)

= S5 s 1(@, 2779 5280 a0 oua(a, 2°70).

The calculation of s{)(a, ¢) in Section 4 starts with the Euclidean algorithm for a
and ¢

(5.2)

(5-3) 4 = qo¢C — ), C = q,ay =™ Uz, *** 5 uo2 = (y-1Qgy ™ Qu, Quy = q,4d,.
Then, the integers (g,, h,) are constructed:
(5-4) (g—l’ h«l) = (g’ h)a (gn hv) = (qvgr—l + hr-—h —gv—l)-

To obtain a simple expression for g,, A,, the so-called »th convergent to the fraction
a/c is defined as follows:

i<

>
—-I$
-~ [
oA s
-
-~ |
[ 1
o
N
—
~~
<

and, generally,

(5-5) § = 48y T 8,0, t, = qt, v — 1, .
That (5.5) defincs the vth convergent to a/c follows from
(‘h - _>sv—l - sr- 2
N\ e DL @l T Sen) TSeey | denSe T Seey o Suan
l (Iv l{(lwtv 1 T tv :'.‘) - tv«l ‘[v!l’; - ty—-l 'v‘l
qi‘ - tvl - ’V“ 4
[/ PFR

(5.5) yields the following expression for (g,, h,):

(5.6) (g,, h) = (s, ¢ + t,h, —s, ¢ — t,.h),

which can also be proved by induction:
@1 bin) = (@, 08 + by, —¢) = {4, 80 — 5,208 + (quiit, — 1, DAy —¢)
= (s, + 1, 1, 5,8 — 1h).

With these definitions, formula (4.6) can now be applied to (5.2). However, the
following terms in (4.6),

d (ffg_i _/) _d () a (a)_ (!) ('_) (l)
2(,P: f _2e~ll.‘4 ,2([).' [‘_2.~1124 ’([uI:/ _‘lnl.'4

appear four times with alternating signs. Consequently, they cancel cach other.,
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The last sum >_"_, ((g,/))((h,/f)) is bounded by 1(n + 1) and will be denoted by R.
Therefore, one obtains

1< oy, bmai(ah — )
ANOL W) = =3 2 q,{Pz(% + )
v—1 x - - 1
-l R
5.7
_ P2<§v;1 + t,_i(a\ + a — u))
4 2
+ P(54— ylhn@ ta—p= ”)} +R
2
(5.8) = _1 i 4,S,-1 + R where |R| = n 4 1.

2 v=1

Formula (5.7) results in a global bound for AN(}, w):

THEOREM 5.1. If the generator is defined by ., = ay; (mod 2°), a = 5 (mod 8),
the deviation AN(\, p) is globally bounded by

(5.9) AN éiZ{)!m[+n+ 1,

Proof. The second Bernoulli polynomial is bounded by — 7% =< P.(x) < . Hence,
the curly bracket in (5. 7) is bounded by %, which proves Theorem 5.1.

It should be noted that similar theorems are true for generators y,,, = ay; + r
(mod m) with r = O or r = 0.

To obtain stronger results, the term in the curly brackets in (5.7) has to be
calculated exactly. For this, two lemmas are needed.

LEMMA 5.2. Py(x + Ax) — Py(x) = 2AxP,(x) + (Ax)* — 2 AxR, where

R

i

0 ifn=x,x+ Ax<n-+1 for some integer n,
O<KRE=E1Dl ifn—1=2x<n=sx+4+Ax<n-+1 forsome integer n,
—1=R<K0 ifn—1=Zx4+Ax<n=x<n-+1 forsome integer n.

LemMMA 5.3. Pi(x + Ax) — Py(x) = Ax — R, where

R =0 ifn Ex,x+ Ax = n+1 for some integer n,
R =1 ifn —1=x<nZx+4+ Ax <n-+ 1 forsome integer n,
R=—1 ifn—1=2x+AMx<n=x<n-+1 forsomeintegern.

Proof of Lemma 5.2. As the function P,(x) is periodic with period 1, one can
assume 0 < x < 1. Hence,

Py(x + Ax) — Py(x) = (x + Ax — [x + Ax])’ — (x + Ax — [x + Ax]) — x* + x
= 2 Ax(x — 3) 4+ (Ax)" — [x + Ax][2(x + Ax) — [x + Ax] — 1,
2 AxP,(x) + (Ax)> — R’.
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If [x + Ax] = 0, then R" = 0. If [x + Ax] = 1,then R’ = 2(x + Ax) — 2 = 2Ax.
If[x + Ax] = —1,then R" = —2(x 4+ Ax) = —2Ax — 2x = 2 |Ax]|since x = 0 and
Ax £ 0in this case. This proves Lemma 5.2.

Lemma 5.3 is obvious and will not be proved here.

The term in the curly brackets in (5.7) will be denoted by S,.; and %is, +
(1/2%)t,(ax — u) by A,. Two applications of Lemma 5.2 and one of Lemma 5.3
result in

(5.10) S, = Py(4,) — PQ(A, - g) - {PQ(A, + "—") - P( S - _’)}
2¢ 2° “ 2

(5.11) =2 %{A(A, - t—) - P1<Ay — by ‘—’—’5) — R + R;”}
2 2 27 2
» t 14 v v r
(5.12) - — 2’ ‘; +2 > (R — R + R} where [R] < 1.

It can be assumed that ¢, and at, are reduced mod 27. Let the residue x for which
(5.13) % = x (mod 2%), |%] < 2°7,
be denoted by x. Then (5.12) yields, for AN(}, u),

(5.14) AN @) = — Z q( R — R + RY) — 2’—‘;—’) + R
where |R’| £ n 4+ 1 and the R{” are bounded by 1.

To clarify the further discussion of (5.14), some additional notations are
convenient.

DEFINITION 5.4. An index v for which q, is large is called essential, all other indices
are inessential. A subsquare Q(X\, p) = [N27%, (N + 1)27%) X [u27%, (u + 1)27%) is
called regular, if there are integers n, such that

A+ - ,A.+92L;<n,+l

(515 o, < A4, — L
2

I\)QIN.

is true for all essential v, where A, = s, + (1:2%)t,(aN — p). Otherwise, it is culled
irregular.

In terms of these definitions, a theorem is formulated which is an elaboration of
the expression (5.14).

THEOREM 5.5. If the subsquare Q(\, ) is regular, then

(5.16) AN W) = X a, ’2—% + R where R £ n + 1.
y=1

(5.16) is small in most cases and often zero. If Q(\, ) is irregular, then each essential
index v, for which (5.15) is not fulfilled, contributes to AN(\, u) the amount

(517) —q, |t2r 1| R(v) where IR(V)[ é 1.

R is positive for pairs \, p, if t,_, > 0, at,.1 > 0,0ri,, <0, at,, <0 and if
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there is an integer n, such that

a a

18 O tis )L <h— A <O+l +a

ry=1 iv—l

R is negative for pairs \, p, if t,., > 0, at,-, < 0, or i,., < 0, at,-, > 0 and if
there is an integer n, such that

Za N _ ) 2a
(5.19) ; o+ is-)ta—1<p—ar<

r—1 tv—-l

(”r + i’sr—l)-

Proof of Theorem $.5. If a subsquare Q(\, w) is regular, all R{"” are zero. Hence
(5.14) results in (5.16).

If a subsquare Q(), ) is irregular, some of the R;”’ are not zero. For the subsequent
discussion, it will be assumed that #,_, > 0 and ar,_, > 0. The discussion in the
remaining three cases is similar and left to the reader.

According to (5.15), one of the following inequalities must hold for some
integer n,:

G+ @ =~ < o s T @ =W,
(5.21) ARy ';— (@ = < = 23504 =y o S TR
] ‘_1,;5;! — 4

Sr1 tl:! — -
R G TR S

(5.22) B
Sy-1 i, at,
< —=n, £ 4 2 (ah = op) F
If (5.20) is true, then 0 < RV £ 1, Ry"™Y =0, R{*"" = 1. The term R{"™" appears
during the transition from (5.10) to (5.11). The term R;"""’ appears during the tran-
sition from (5.11) to (5.12). Hence, the contribution to AN(\, p) is
o
2‘]
If (5.21) is true, then R{"™" = Ry"™" = 0, Ry’™" = +1. There appear no terms
R{"™" and R{""" during the transition from (5.10) to (5.11), but there does appear

the term R{"™Y = +1 during the transition from (5.11) to (5.12). Hence, the con-
tribution to AN(X, p) is

—-4q, t;f (R —R"Y)y= —¢q, ' 'R, where0 = R £ 1.

[ - t-
q’__-__l R;' LY - —q, al R(U where R(r) = 1.

a

If (5.22) is true, then R{"™ = 0,0 < Ry"™" < 1, Ry = 0. Only the term R{"™"
appears during the transition from (5.10) to (5.11). Hence, the contribution to
AN(\, p) is

—@ R o g B2t R whereo £ R < 1.

Lt
@ a
2
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R is 0 if the right-hand side of inequality (5.22) is an integer and obtained by
—n,. Consequently, the < sign in (5.22) can be changed to a < sign.

It has to be shown, that the conditions (5.20) to (5.22) are equivalent to (5.18).
A multiplication by 27/7,_, changes (5.20) to (5.22) into

2° ( 3»-1) 2" ( Sy—l)
/ —— —
(5.20") i n, + 4 1<u—a\ = i n, + uk
2 ( s,_;) 2“ ( s,_l) _
’ — — —2
(5.21%) s n, + ) <p-—a\ = - n, + 2 +a-—1,

i,-,(”'+§lf)+‘"'" 1 <pu—a <2“1(n,+%‘~‘)+a.
As the contribution to AN(X, p) is similar in the three cases (5.20) to (5.22), (5.20')
to (5.22') can be taken together into (5.17). This completes the proof of Theorem 5.5.

Theorem 5.5 needs some further discussion.

If the number of subsquares 2** is large compared with the quotients g;, all the
regular subsquares will have a value zero for AN. Hence, only the irregular sub-
squares are of interest. If @ > 0, (5.17) shows that the irregular subsquares for g,
are situated at

(5.22")

_2.:( 'Ev_:l)__ - <..2i( 51:_1) G
(5.23) - n, + 4 1 <u—aN = - n, + 2 -+ a.
If X\ = 0, u attains the values
2" Sy : -
u= [;——ﬂ(x + -—Z—)] + »., wherex=20,1,---,4,—1,y=20,1,:--,a.
r-1

This means: Each row contains (@ + 1)i,-, irregular subsquares corresponding to g,.
They are cut in 7, subsets of subsquares; each subset consists of @ + 1 neighbouring
irregular subsquares. Furthermore, the whole set of (A, u)-values subject to (5.23) is
contained in {,_, sloping strips. The slope of these parallel strips is —1/a. Due to
this slope, each strip is cut into |a| pieces. The |a| strips contained in (5.23) for fixed x
will be called one strip for obvious reasons.

The situation is best explained with the help of a sketch which shows the strips
of irregular subsquares of Example 1 of the next section. There, only ¢, and ¢, are
significant. Furthermore, one hasa = —3,5, = 0,f, = 1,5, = 1, {, = 3 (mod 2°) for
small « < k (k is given). Hence, (5.19) is applicable and

(5.24) 2" — 4 <pu+ <2,
2° 1 2" 1
(5.25) FTOFD A<k +EN<T 0+ D

The strip which corresponds to (5.24) is denoted by 1., The strip which corresponds
to (5.25) consists of three substrips; they are denoted by 21, 22, 23. The slope of all
strips is 3.

The situation is not so simple if more than two of the quotients ¢, are significant.
In such a situation, some of the strips can overlap and partially cancel each other.
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The examples to follow will throw some further light on the situation.

21

22

23

21

22

23

21

22

23
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6, Numerical Results. The formulas in Section 3 can easily be translated into
computer programs, which allows rapid calculations of the value of AN for a given
rectangle. Computations of this kind have been carried out with the help of J. Ahrens,
Halifax, and A. Grube, Karlsruhe. The generators were of the type y,., = ay,
(mod 2°) with @ = 5 (mod 8). The unit-square was divided into 2% X 2 subsquares
of equal size, Typical results for AN = 2°7“AP are given in the next tables.

TABLE 1. y;y1 = 16381 y; (mod 22%); values of AN = 238AP

siae| 03 G5 ED G &D @S GDH G
Xi € .
(0,%) 171 171 228 170 171 =284 =341 -286
($.%) 170 171 284 =341 -286 171 171 228
('g},%) -3k -286 171 171 228 10 171 -284
(%,%) 171 228 170 171 -284 b -286 171
(%.g) 171 -284  -341  -286 171 171 228 170
(g,-g) -286 171 171 228 170 171 -284 -3y
(-g,-%) 228 170 171 -284  ~341 -206 171 171
() -284 =341 286 71 171 228 170 171
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TABLE 2. y1.1 = 41475557 y. (mod 228); values of AN = 225AP.

xime| (0.3 &3 & 3FD @D @H E&DH G
Xj €
(0,%) -2 1 1 ) -1 0 -1 2
(§,8 0 -1 o -1 2 -2 1 1
('8"8) -1 2 -2 1 1 o -1 o
(% g) 1 1 0 -1 0 -1 2 -2
(8,8) -1 0 -1 2 -2 1 1 o
(‘g.g) 2 -2 1 1 o -1 0 -1
$.3) 1 ) -1 0 -1 2 -2 1
(%.1) o -1 2 -2 1 1 o -1

The tables show the following facts:

(i) The rows (columns) are cyclic permutations of the first one, A shift of taree
to the left changes a row into the next one.

(ii) The deviations AN are surprisingly small, The second generator is superior
to the first one.

Fact (i) follows immediately from (5.2). This shows that only the first row has to
be calculated.

It is no surprise that the second generator is better than the first one. The quotients
of the continued fraction for 41475557 and 2*® = 67108864 are given by 1, 3, 3, 3, 3,
3,3,3,2, —2,21,4, —4, —5, —3, 3, whereas the quotients of the continued fraction
of 16181 and 2°° are 0, —4097, —4, 455, 5, 2.

The next three examples treat some generators more systematically, The first
two are generators which cannot be recommended. The third one, suggested by
O. Taussky, generates pseudo-random numbers which are nearly independent on
the unit-square.

Example 1. The generator is of the type a &~ Ve

(6.1) m=2%" " =2" g=2-3
The Euclidean algorithm for a and ¢ starts with

=3 =0X2" = (=2"+3), 2% =(=2"=3)(=2"+3)— (-9,

=25 4+ 3 = g, (—=9) + le] < 4.

Hence,

g0 = 0, g = —2* -3, q. & Q¥ = 3), Fgy =1, 2,o0r 4,
and

5o =0, ty=1; s =1, 1 =2"+3

The only essential indices are v = 1 and » = 2, Formula (5.18) of Theorem 5.5 yields:
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If Q(\, p) is irregular, then
(6.2) AN~ —2"° ifnX2"—4<pu+3\<nX2% 0<n<4,
6.3) AN 32 if3tn+ 12" —4 <p+ 3N <3+ H25,0<n < 12.

(6.2) is a sloping strip of width 3. (6.3) consists of three strips of width 4.

Actual calculations according to Section 3 were compared with the approximate
values (6.2), (6.3). The case k = 13 was tested by dividing the unit-square into
2° X 2° subsquares. Hence, the values of (6.2) and (6.3) became

AN~ —16 if 512n — 4 < p + 3N < 512n, n=1,2,3,
ANNI—;;=5,66 if%n—l—l—is—4<u+3)\<-5-§Zn+%,0<n<12.

The actual values for AN are, for A = 0,

—16, —16, —16 if p = 509, 510, 511,

1,6,5,4 if u = 39, 40, 41, 42,
3,6,5,2 if p = 210, 211, 212, 213,
6,5,5 if p = 381, 382, 383.

Note how accurate these values are.

Although the values of AN indicate reasonable uniformity of the distribution of
pairs, the generator cannot be recommended: The strip (6.2) is deficient for general
k and a, by 3 X 2% X 2% = 3 X 2* pairs. These missing pairs are contained in the
other three strips of (6.3). In the example k = 13, this is a dislocation of 24576 out
of 67,108,864 pairs, constituting a small but systematic deficiency of the generator.

Example 2. The generator is of the type a &~ \/m:

(6.4) m= 2" c=2% g=2"" -3,
The Euclidean algorithm for a and c is
21— 3 =0 X 2% — (=2 4+ 3),
2% = (=2 =~ )X (=2 43— 27 = 3),

T4 3= (=4 X Q27T =3) -9,
27T — 3 = g3 X 9 — ¢, le] < 4.
Hence
a=—2"—1, g=-4  gGrRIIT-3), Fqg=1,2 or4d,
and
5o = 0, th=1; s =1, Hh=2"4+1; s =4, ty = 28 — 3,

As g, may be neglected, formula (5.18) of Theorem 5.5 shows:
If Q(A, w) is regular, then

ANN# [32* — 1) — 30" — 3)] = —; ~ 0;



878 U. DIETER

if Q(A, p) is irregular, then

(6.5) AN~ —22F7'7% ifn2% — 4 < 3\ 4+ u < n2°%, 0<n<4,
~ 1 k—1—a -2 a 2 a

©.6) AN~ 12 if 3 X2 4<M 4 <X, 0<n<Il12,

n # 0 (mod 3).

(6.5) is again one sloping strip of width 3 and (6.6) consists of two strips of width 3.
Again, actual calculations according to Section 3 were carried out for comparison:
= 13 and 2° X 2° subsquares lead to values for (6.5) and (6.6) of —5.66 and 2.66,
respectively. The actual values were —5, —5, —6 for (6.5) and 3, 3,2 and 2, 2, 3, 1
for (6.6). The strip (6.5) had a deficiency of 3 X 2 X 2*7'"* X 2% = 2* pairs. The
generator is better than the previous one but it is not really recommended because
it still suffers from systematic deficiencies of the distribution of pairs.
Example 3. This generator, suggested by O. Taussky [30], is widely used:

m = 2%, a = 5 = 4747 774 349 (mod 2*).
The Euclidean algorithm (4.1) for 4 747 774 349 and 2*? yields the quotients:
q; = 1,2, —4,4, —8,5, —23, —5,4,13,3,6,2, —4, —2, 3.

The bound (5.9) of Theorem 5.1 for AN is equal to 38%. The actual values of AN
are given in Table 3. The unit-square was divided into 2'° X 2'° subsquares of equal
area. The maximal values of AN are —8 and +7. Only the values for AN(O, p),
0 < p = 1023 are given; the other values AN(}, p) for A 5 0 are cyclic permutations
of these values.

7. Final Conclusions. The question has been raised whether any particular
value of r in the mixed congruential generator y;,, = ay; + r (mod m) offers special
advantages. From the behaviour of pairs (x;, x;.,), @ negative answer seems to be
indicated.

Obviously, the probability P(;, = y; < L, J; = y;.1 < Jo) is equal to

P, =y, < L, J, = ay; + r < Jp). If ris changed into r 4 r/, one has

(7.1) Py =y, < L, i Say;, +r+1r < L)

=PLZE=y; < L, Ji—r Zay, +r< Jy, — 1)

Hence, a shift » — r + ¢ simply moves the rectangle [I,, L) X [Ji, J.) to
(I, I) X [J; — ¥, J, — r'). The same can be deduced from formula (3.12)

2

(1.2) AP =L 3 (=DM ea, m).
m\u=1
Changing r into r 4+ #’ merely moves J, to J; — # and J, to J, — r'.

For the total square [0, 1) X [0, 1), the consequences are as follows: If this square
is split into n” equal subsquares of length 1/n, the integers I, and J, are of the form
vm/n, wherev = 0, 1, --- , n — 1. Thus, as long as r’ is a multiple of m/n, the change
r — r + r’ effects the same cyclic permutation on all subsquares of each strip parallel
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to the J-axis. In other words, it merely permutes the “rows” [0, 1) X [/1, J2) of sub-

squares cyclically.

Values of AN, u),0 = p <

1024, for the generator yin =

TABLE 3

51%y; (mod 2%)

Pzpaptlpbo 1 2 3 & 5 6 7 8 910 11 12 13 14 15 16 17 18 19
Br= o0 =2 3 =k ¢l =3 42 <1 41 41 =3 4l b 43 =3 42 41 <4 b -5 45
20 *5 43 0 ~1 42 +b 45 =U 42 0 O +1 =3 45 =5 43 =2 42 + =3
ho +3 =5 45 =5 42 0 -1 42 =4 43 =3 41 O O +2 =k +5 =5 44 -3
60 42 41 =3 +4 95 46 =5 42 +1 <2 42 <4 44 =3 +1 +1 =1 42 =3 +h
80 5 45 =l 42 42 b +b b +b b 42 42 =2 42 =3 43 =3 ¢2 -} =1
100 +3 U 4 U4 b =4 42 +3 =5 +4 =3 43 =8 +3 +1 =2 +3 b ¢4 -3
120 +2 «2 0 +3 =5 +b b +b =5 42 +3 <b 43 =3 +3 =3 +2 #1 =2 43
140 4 o4l -2 41 22 41 +b <6 4l =3 43 =5 +3 +1 =4 +b4 =8 +3 -2 1
160 +1 =2 4+l =5 #4 =2 41 =2 42 43 =6 46 U4 43 =3 +2 +1 =k 45 -
180 43 =1 0 41 =1 43 =5 45 =3 41 =«1 41 43 =6 46 =4 43 =2 0 +2
200 =3 45 =6 #3 0 =1 0 =1 ¢4 <6 45 =3 42 =2 41 43 =6 +6 =U4 +3
220 “~2 0 42 =2 +84 ~6 45 =1 =1 41 =2 ¢4 =7 +5 =3 41 =1 O +3 -%
240 #5 =4 £3 =2 0 +3 =3 #l =5 4l <1 <1 42 =2 +b -6 +4 =3 +2 -2
260 0 43 -6 45 =3 42 =2 O b b 4l =l 43 =1 O O =1 4+l -6 +5
280 =3 43 =3 0 43 =5 +h U 42 =1 =1 44 =4 44 =4 43 -1 O O -1
300 43 =7 45 22 42 =2 0 +4 =5 44 =3 #1 =1 0 42 =l +5 =5 +3 =1
320 O 0 =1 46 =8 45 «7 +1 «2 41 43 =5 45 =l 42 0 =1 +2 b +3%
3ho “6 43 0 <=2 0O 0 45 =8 46 =2 41 =1 =1 4+l =5 45 U +2 41 =2
360 42 =3 46 =7 43 0 =1 =1 O +4 -8 +6 =2 41 =1 =1 +4 =5 +5 -4
380 +2 $2 =3 +$2 =2 5 -g +5 =1 =1 0 =1 +4 =7 5 <3 0 +1 -2 +4
hpo =4 4l =bho43 41 =3 43 =3 45 =6 #l -1 -1 42 -2 +h =5 +b -3 41
420 0 =2 44 =5 34 =3 42 41 =3 43 =3 +5 =5 +3 =1 0 #1 =2 +k -4
hho +3 =3 42 41 =3 ¢4 =5 44 <4 42 41 =3 43 =3 +5 <5 +3 =1 41 O
Léo «2 45 =5 43 =2 41 41 =3 45 =5 #4 =3 #1 0 -2 42 -3 +5 -6 +3
480 O 0 0 =2 45 =5 43 =1 0 +1 =2 ¢l =5 +5 =b +2 ¢1 =3 +2 =3
500 45 =6 +3 0 =1 O =2 45 =5 44 =2 0 42 =3 ¢4 -5 46 -5 +2 +1
520 “«2 $2 =3 5 =5 43 0 =1 0 =2 34 =5 44 <2 0 «3 =4 +4 -4 +5
540 “5 42 42 =3 +2 <2 ¢4 <5 ol =1 <1 42 =3 44 <4 3 -3 O +4 5
560 +4 <3 +h <5 $3 #1 =3 +3 =3+l b 3 <1 <1 3 =B 45 =3 +2 ¢3
580 41 +3 =6 44 =3 ¢3 =U +2 41 =3 ¢4 U4 484 =3 +2 =1 <1 +b4 =5 +5
600 “3 42 =3 42 43 «6 44 <3 43 -k 42 0 -2 43 =b 44 -2 41 -1 O
620 +3 .25 46 b 42 =2 41 42 =5 46 =4 43 =2 +1 O -1 32 U 4 -9
640 +1 0 =1 +3 =5 46 =4 42 =1 0 42 <4 +5 =l +U4 =3 41 +1 -1 42
660 b o4l =3 41 0 =2 ¢ =b 45 =h $3 =2 0 +2 =3 b U 4 -3 +1
€80 #1 =1 42 =5 46 ~3 #1 0 =2 44 ~6 +5 =4 +3 =3 0 ¢3 +4 +4 -3
700 +3 =3 41 42 =3 +3 =b 45 =3 42 ~1 =1 +5 =7 +5 =3 +2 =3 0O +3
720 “5 #U4 =2 42 =3 +2 41 ~3 4 =5 5 =2 41 <1 =1 46 -8B +6 -2 41
740 =2 41 42 =5 45 =4 42 =2 41 41 =3 +5 -6 +5 =2 #1 -1 -1 46 -8
760 #5 =1 #1 =2 #1 42 «3 ¢4 <4 42 =1 0 0 =3 46 =7 45 =1 0O -1
780 O +U =7 46 =2 41 =1 0 42 =3 +4 -4 ¢3 0 -1 0 -2 +5 -8 +6
. 800 =2 @1 O «1 44 =7 46 =2 $1 0 =1 42 =2 +3 =4 44 -1 1 41 =2
820 +5 =7 +5 =2 =1 +1 =2 +3 =6 +5 =2 #+1 O ~1 42 =2 +3 =5 +5 -1
840 “1 41 =2 46 =8 46 =2 0 0 -2 43 =5 +U4 <3 +2 <1 =1 +3 b +4
860 “b oal w1 <1 42 23 46 <7 45 =2 #1 0 =2 b4 =5 4B -2 41 -1 -1
880 +3 =5 +4 =3 43 =1 0 41 =3 47 =8 +5 =1 0 0 =2 +5 <6 +4 -1
900 41 =1 0 42 =5 45 =5 +3 =1 O +1 =3 +7 -8 +4 0 O 0 -2 45
920 =5 43 =1 41 Q0 =1 42 =4 46 -6 +3 0 =2 +1 =3 +5 =7 +h +1 11
940 O =1 44 «5 #4 <2 31 41 =2 42 =l 46 -6 +U4 1 <3 41 =2 44 =7
960 +5 =1 =1 41 =2 44 =4 43 =2 41 42 =3 42 =3 +5 =6 «5 0 =3 +3
980 «3 #4 =5 4h «1 =1 42 «3 43 =4 +3 =3 42 +2 =3 +2 =3 +6 =7 +5
1000 0 =2 42 =3 4+l <l 43 <1 0 42 =3 +3 =3 42 <4 43 41 =23 +3 -
1020 +6 -6 +4 ©

This leaves the question whether the mixed congruential generators y,,, =
ay, + r (mod m) have any advantage over the purcly multiplicative generator
Yon = ay, (mod m). Undoubtedly, the mixed generators provide a larger period fo

the same modulus.
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In the following comparison, purely multiplicative and mixed generators with
the same period 2°~* and the same factor g are taken:

(7.3) Vi1 = ay; + r (mod 2°7?), a = 5 (mod 8), r = 1 (mod 2),
(7.4 Yiv1 = ay; (mod 2°) , a = 5 (mod 8), Yo = 1 (mod 2).
For both generators the probability that

i Vi 1 1, J J
(7.5) (x,, x;yy) == ( o3 » E‘ri) c [2,15 , '2”:':2) X [“2‘:-5‘é .57—25)
will be calculated. For the generator (7.3), one has
P(Eglfé = 2{'; < 2{22 , 2‘:,%2' =< gyéjy < Z‘J'L‘)
(7.6)
1 1, Jy — au _ J, —r ) .
= P ~2~;-f:§ £ ifi_. i??l:'i , _12;___2_5 = 2T‘~i§ _-f,e_—_:i_) 0sp<27).
This expression was determined in (3.12) as
I, — 1 J, — “ PR
a.m Lohy bz d 7 Z (—D*syanls, @, 2°7%),
2 2 Nou=1

For the generator (7.4), one can use that y; is of the form 4u’ + 1 where
0 £ p’ < 2°7% Hence, the subsquare in (7.5) may be changed according to

[1.._ L) x [ 5, ) [:‘:!.n_if..! At 1) [_4_1._,4:_1_ it 1),
2:— 2 2r~~-2 ~Ne—2 o 2&—1 2e ’ 2a 2- ’ 2«

This yields, for the probability of (7.5),

Afoste b s < b)

[ (4 + Vv 4L A1 4L L a4, ]
(7.8) I( > = 2 < 2 s 2 = 2 < 2 “‘)
(At 4+ 4L+ 1 44 L _day ta 41+ 1
- 2' — 2" < 214 3 22 = 20 & 20
a—1 a—1
-’1 - Jz -

..... RIS 1, 4 a7 4 _J

(79) - 2e—~2 = 2¢—~2 < 2:*2 s 20 -2 = 20—-2 < 2.—2

(7.8) was calculated in (3.19); for the application of (3.19), I, and J, have to be
substituted by 4/, + 1 and 4J, 4 1 and a factor 4 has to be cancelled in the subscripts.
This yields

I, J. — J 1< a(zems o
(7.10) —-7,—"' s X ot 5e7E D (=DM eula, 2070,
- e u=1
If one compares (7.6) and (7.9) or the equivalent expressions (7.7) and (7.10),
one realizes immediately:
The multiplicative congruential generator (1.4) is equivalent to the mixed con-
gruential generator (1.3) with r = (a — 1)/4. As the mixed congruential generators
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are equivalent for different increments r, they are all equivalent to the purely multiplica-
tive congruential generator (7.4).

It should be mentioned that a similar argument is true for triplets, quadruplets,
and any number of pseudo-random numbers. Hence, the above material indicates:

A special choice of the increment r has no advantage with respect to the joint
probability distribution of two, three, four, or more successive pseudo-random numbers.
If the modulus is of the formm = 2°, r = 0 seems to be as good a choice as any. For
random-number transformations, it has the advantage that a precise O is never generated.

This shows that the properties of the linear congruential generator are merely
determined by the factor a. The results of this paper suggest the following rule for
the choice of the factor:

The factor a should be chosen in such a way that the Euclidean algorithm for a and
¢ = m/f (in the multiplicative case) or a and m (in the mixed congruential case) has
small quotients. In particular, for the generator y,., = ay; (mod 2°), a = 5 (mod 8),
the quotients of the Euclidean algorithm for a and 2°~* should be small.

A measure for the quality of the generator is the global bound

(7.11) i EO lg;l + n+ 1 = |AN|

for the deviation AN of pairs x;, x;,, in any subsquare of the unit-square. It was
derived in Theorem 5.1.

It should be noted that such a choice of the factor a results also in a small value
for the serial correlation p, between x; and x;,,. The explicit expressions for p, can
be found in Dieter/Ahrens [8]. They are again sums of generalized Dedekind sums.
For example, for the generator y;,, = ay; (mod 2°), a = 5 (mod 8), one has

48 < 4) e—2 1 )
—; sl O(ay 2 ) - e
2 ’ 9
(7.12) p = = X2 B a2,
16 2
1 — ?

In a subsequent paper, it will be shown that the frequency of permutations of
triplets can also be expressed as sums of generalized Dedekind sums. For example,
for the generator y;,, = ay; (mod 2), a = 5 (mod 8), one has the following expressions
where a™* stands for an integer for which aa™ = 1 (mod 2°)

1
Px,oy < x; < Xx;41) — ’é

1

= 52 {Sﬁ(’)(a, 2°7%) — si%@®, 27 + siti@® — a, 277)

+ si@® — a7l 2°7%) + 4s{(a, 2“‘)} + Ry,

Px; < x;1 < xi—l) - 'é

It

1 - -2 { 2 e—2
6_3{—s§f3(a P L2+ sEE — 1,279

+ 5@ — a2+ sf@ — a, 27 — 41+ a7, 2"4)} + R,
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1
P(x; < x;oy < x441) — g

= 23_5 {—sifé(a — 1,27 4 sit@® — 1,277

+sito@? —at 27 + sifh@ — a7 277 — 4sih(L + a, 2"4)} + R,

where
4 8 6 32 6 32
R1_26—3X22¢3 R2_22_3X22e9 R3__2a_3><22e
if a = 5 (mod 16),
4 8 6 32 6 32
Rl_—22_3><22e’ RZ_—2¢—3X22e’ R3_2¢_3X223

if a = 13 (mod 16).

The residual terms R;, R,, R; are extremely small for any choice of the factor a.
The exact values of P(x;_; < x; < Xi41), PO < Xi41 < Xiq)s POt; < X1 < Xi41)
can be calculated using the results of Section 4. For most ‘reasonable’ factors a,
these values are rather small. For example, for the generator

Yis1 = 41475557 y, (mod 2°%)

only 3, 2, or 1 triplets are dislocated. More details will be given in the forthcoming

paper [9].
Often, bounds for P(x;_; < x; < x,,;) — % are sufficient. For this purpose, the
function D(a, c) defined in (1.6) may be used. If the factor a is chosen in such a way

that
D(a, 2°7®), D@ — 1,2°7%), D(a + 1,2, D@’ — 1,2°%), D@’ + 1,2,
D(a, 2%, D@, 2%, D@ — 1,2°%), D(a® — 1,2°7%),
D@ — a,2®, D(@a?® — a ', 2%, Dla — a ', 2°7%)

are generally bounded by K, then

2T (PO < xi < X)) = )
27(PGy < Xiny < Ximy) — ),
27 (P(x; < xim1 < Xiin) — %)

are bounded by 8K + 2. This means: At most 8K + 2 triplets are dislocated with
respect to their order.
This shows again the high quality of some linear congruential generators.

8. Acknowledgement. The paper was much improved by the help of J. Ahrens,
Halifax, Canada. His discussions, his computer programs, and his knowledge of
English were of considerable help for the final version of the paper.



PSEUDO-RANDOM NUMBERS 883

Institut fior Mathematische Statistik
Universitiat Karlsruhe
Karlstuhe, Germany

1. J. Aurens, U. DIETER & A. GRUBE, “Pseudo-random numbers: A new proposal for
the choice of multiplicators,” Computing, v. 6, 1970, pp. 121-138,

2. R. R. Covevou, “Serial correlation in the generation of pseudo-random numbers,"
J. Assoc. Comput. Mach., v. 7, 1960, pp. 72-74. MR 22 #8643.

3. R. R. CoveYou & R. D. MACPHERSON, “Fourier analysis of uniform random numbers,”
J. Assoc, Comput. Mach., v, 14, 1967, pp. 100-119. MR 36 #4779.

4. R. R. Coveyou, “Random number generation is too important to be left to chance,”
Studies in Appl. Math., v. 3, 1969, pp. 70~111.

5. R, DEpExIND, “Erliduterungen zu den Fragmenten XXVIIL” in Riemanns Gesammelten
Werken, Leipzig, 1892, pp. 466-478.

6. U. DIETER, “Das Verhalten der Kleinschen Funktionen log gy, »(w, ws) gegeniiber
Modultransformationen und verallgemeinerte Dedekindsche Summen,” J. Reine Angew. Math.,
v, 20}, 1959, pp. 37-70. MR 21 #3397.

7. U. DIETER, “Autokorrelation multiplikativ-erzeugter Pseudo-Zufallszahlen,” Opergtions
Research Verfahren, v. 6, 1969, pp. 69-85.

8. U. DieTER & J. AHRENS, “An exact determination of serial correlation of pseudo-
rapdom numbers,” Numer. Math., v. 16, 1970, pp. 101-123.

9. U. DIETER, “Pseudo-random numbers: Permutations of triplets.” (To appear.)

10. U. DjeTER, “Simple proofs for some identities for generalized Dedekind sums.” (To
appear.)

11. M. GREENBERGER, “An a priori determination of serial correlation in computer gen-
erated random numbers,” Math. Comp., v. 15, 1961, pp. 383-389. MR 26 #2033.

12. M. GREENBERGER, “Method in randomness,” Comm. ACM, v. 8, 1965, pp. 177-179.

13. J. H. HaLTON, “A retrospective and prospective survey of the Monte Carlo method,”
SIAM Rev., v. 12, 1970, pp. 1-63. MR 41 #2878.

14. T, E. HuLl & A, R. DoBELL, “Random number generators,” SIAM Rev, v. 4, 1962,
pp- 230-254. MR 26 #5710,

15. D. L. JagerMaN, “The autocorrelation and joint distribution functions of sequences
{aj?/m}, {a(j + 7)2/m},” Math. Comp., v. 18, 1964, pp. 211-232. MR 31 #1762.

16. B, JanssoN, “Autocorrelations between pseudo-random numbers,” Nordisk Tidskr.
Informations-Behandling, v. 4, 1964, pp. 6-27. MR 29 #2934,

36 l‘é. B. JANSSON, Random Number Generators, Almqvist & Wiksell, Stockholm, 1966. MR
#7297.

18. M. L. Juncosa, Random Number Generation on the BRL High-Speed Computing
Mouchines, Report #855, Ballistic Research Laboratories, Aberdeen Proving Ground, Md.,
1953. MR 1§, 559,

19, D. E. KNUTH, The Art of Computer Programming. Vol. 2: Seminumerical Algorithms,
Addison-Wesley, Reading, Mass., 1969,

20. D. H. LEUMER, Mathematical Method in Large-Scale Computing Units, Proc. Second
Sympos. lLarge-Scale Digital Calculating Machinery, Harvard Univ. Press, Cambridge, Mass.,
1949, pp. 114-146. MR 13, 495.

21. M. D. MAacLARIN & G. MarsaGL1A, “Uniform random number generators,” J. Assoc.
Caomput. Much., v. 12, 1965, pp. 83-89. MR 30 #687.

22. G. MARsAGLIA, Random Variables and Computers, Trans. Third Prague Conf. In-
formation Theory, Statist. Decision Functions, Random Processes (Lidice, 1962 ), Publ. House
Czech. Acpd. Sci., Prague, 1964, pp. 499-512. MR 29 #1721.

=+ (5. MarsaGLIA, “Random numbers fall mainly in the planes,” Proc, Nat. Acad. Sci,
U.S.A., v. 61, 1968, pp. 25-28. MR 38 #3998.

24, G. Marsaaiia, “Regularities in congruential random number generators,” Numer.
Math., v. 16, 1970, pp. 8-10.

25. C. MryER, “Uber einige Anwendungen Dedekindscher Summen,” J. Rejne Angew.
Math., v. 198, 1957, pp. 143-203. MR 21 #3396.

‘ 26. C. MEYER, “Bemerkungen zu den allgemeinen Dedekindschen Summen,” J. Reine
Angew. Math., v. 205, 1960/61, pp. 186-196. MR 23 #A1624.

27. H. RADEMACHER, “Zur Theorie der Modulfunktionen,” J. Reine Angew. Math., v. 167,
1932, pp. 312-336.

28. H. RADEMACHER, “Some remarks on certain generalized Dedekind sums,” Acta Arith.,
v. 9, 1964, pp. Y7-105. MR 29 #1172,

29, A. ROTENBERG, “A new pseudo-random number generator,” J. Assoc. Compui. Mach.,
v. 7, 1960, pp. 75-77. MR 22 #8642,

30. O. Taussky & J. Toop, Generation and Testing of Pseudo-Random Numbers, Sympos.
on Monte Carlo Methods (University of Florida, 1954), Wiley, New York; Chapman & Hall,
1.ondon, 1956, pp. 15-28. MR 18, 239,

31. P. H. VERDIER, “Relations within sequences of congruential pseudo-random numbers,”
1. Res. Nat. Bur. Standards Sect. B, v. 73, 1969, pp. 41-44. MR 39 #1081,



	Cit r170_c175: 


